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Explaining spinor rotations and the SO(3)-SU(2) connection through Md&bius transformations.

I. INTRODUCTION

Welcome to Part 2 of our special feature on Spinors. In
Part 1 “Bloch Sphere and the Hopf Fibration”, we dis-
cussed spinors from first principles, and discussed how

1. Spinors represent a body’s rotation by encoding in-
formation about the axis and direction of rotation.

2. Spinors that are orthogonal represent antipodal
states on the Bloch sphere, and vice versa.

Here, as promised, we will discuss the third key property
of spinors:

3. Rotating the physical state space by an angle 27 re-
turns the spinor — |¢), and rotating again by 27 gets
you back to |1). In general, rotating a physical state
vector by a given angle only rotates the correspond-
ing spinor by half that angle, and vice versa.

We will summarise our discussion of the first two proper-
ties, but readers are encouraged to keep Part 1 handy so
they can refer back to it as needed.

II. RECAP

Spinors often seem unintuitive because there isn’t an
easy way to plot them or their transformations, since we
need four dimensions to plot S% and visualise the effect
of multiplying a spinor by an SU(2) matrix. But if we
connect spinors to the realm of complex functions, we can
find a way to reduce the dimensionality enough to plot
the effects SU(2) matrices have on them. The Riemann
sphere is the most basic object in complex analysis, being
the codomain for general complex functions (see [1] for
a full treatment, and Part 1 of this article series for a
full discussion of the construction), and it coincides with
the Bloch sphere through their shared equivalence to the
complex projective line CP'. Algebraically, stereographic
projection is a map
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Equivalently, using spherical coordinates on S? and polar
coordinates on C, we see from Fig. 1 that it is given by

(,0) = ¢ = tan(6/2)¢™* (3)

where 0 < ¢ < 2mr and 0 < 0 < 7.

The North Pole is mapped to 0, the equator 22 4+y2? =1
is mapped to the unit circle S* = U(1), and the entire
northern hemisphere is mapped to the interior of the unit
disc. Similarly, the southern hemisphere is mapped to
the exterior (i.e. complement) of the unit disc towards
infinity. We introduce a “number at infinity”, called oo,
and set the projection of the South Pole to be this point.
The resulting set

C:=CuU{oco} (4)

is called the extended complex plane, and as the stere-
ographic projection is a homeomorphism, we treat it as
topologically equivalent to 52, justifying the name “Rie-
mann sphere”.

South Pole

FIG. 1: Stereographic Projection of the point (z,y, z) on
the unit sphere to { € C. By standard results from circle
geometry, the angle from the z-axis to (z,y, 2) as
measured from the South Pole is exactly half the polar
angle 6.

The complex projective line CP! is constructed by start-
ing with C? \ [0,0] and quotienting out the equivalence
relation [a,b] ~ Aa,b] VA € C\ {0}, so that all scalar
multiples of vectors are made equivalent. Denoting the
equivalence class of [a,b] as [a : b], the easiest choice of
representative when b # 0 is [a/b, 1], while for b = 0 there
is only one equivalence class [1 : 0]. Thus the complex
projective line is

CP'={[¢:1]:¢€C}yU{[1:0]}, (5)

and we can see by comparison with Eq. (4) that the set
on the left is isomorphic to C while [1 : 0] is equivalent



to the point at infinity. Essentially, we’ve constructed the
Bloch sphere in one step: usually we normalise our C?
vectors first (quotienting out the real modulus), and then
quotient out the global phases e'?, but this just equivalent
to quotienting out multiplication by a complex number in
modulus-argument form. This demonstrates the equiva-
lence of CP' and the Bloch sphere. Since we have also
shown equivalence to the Riemann sphere, which is topo-
logically equivalent to S2, we have shown that S? = CP!'.

But in truth, the Riemann sphere is not just topolog-
ically a sphere; it can also be given the geometry of a
sphere using tools from differential geometry. This means
we can rotate the Riemann sphere as if it is literally S?
with numbers stuck to points on its surface. Rotations of
5?2 are given by the Special Orthogonal group

SO(3) = {O € Matsy3(R) : 00T = I,detO =1}, (6)

but the rotations of the Riemann sphere are a group of
functions mapping C — C. Our idea will be to show that
these functions are naturally represented by SU(2) matri-
ces when we move from the Riemann sphere to our spinor
representation. The reason we want to do this is that plot-
ting complex functions is very easy to do, so unlike with
spinors and SU(2) matrices, we can actually visualise what
these rotations look like.

Having summarised the connection between the Rie-
mann sphere, CP', and the Bloch sphere, we can now
recap spinor construction. Let

X €C?  x =[x, xe] (7)
denote what will become a spinor, and since this will rep-
resent a quantum state, assume it is normalised such that
Ix1]? + |x2|?> = 1. (Normally we would use column vectors
here, but we’ll stick to row vectors for now.) For a vector
(z,y,2) € S%, we can use Eq. (1) to get the corresponding
point on the Riemann sphere:
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which we can suggestively write as the ratio of two complex
numbers
X1
C =

=, xi=alz+iy),

u v2=a(l+z).  (9)

where o € C is a normalisation constant. It turns out that

(X1, Xe] = [a(z +iy), (1 + 2)] (10)

is a spinor representation of (x,y,z) [2], and we can use
the normalisation requirement to show that

1
o] =

N

However, 6 := arg « is a free parameter in this representa-
tion, so there is an infinite family of spinors that represent
this S? vector, given by the general spinor representation

(11)
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This form can be immediately connected to the Bloch
sphere, as the immeasurable e’ global phase has been
extracted from the rest of the expression. Thus we can
quotient it out to get the physical state
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If we are given a spinor [x1,x2] with x2 # 0, we can
always divide by x3 to get

T+ 1y T+ 1y Ty  —=
X {1+z’]€[1+z } 14z (14)

so such a spinor can always be associated with a unique
equivalence class [¢ : 1] € CP!, and hence with a unique
complex number ¢ on the Riemann sphere. Similarly,
when x2 = 0, the corresponding equivalence class is [1 : 0],
and hence the corresponding point on the Riemann sphere
is co. This is the mathematical realisation of the equiv-
alence of the Bloch sphere, Riemann sphere, and CP!.
Furthermore, orthogonal spinors correspond to antipodal
points on the Bloch sphere because the quotienting pro-
cess makes points separated by a half turn about the origin
(like [z,y] and [z, —y]) equivalent. Thus half turns in C?
become full turns in CP', and quarter turns become half
turns.

X~ : (13)

III. MOBIUS TRANSFORMATIONS

Recall rotations of S? are elements of SO(3), which is
a Lie Group. The properties of this group can help us
identify what kinds of functions C — C represent rota-
tions of the Riemann sphere. First, the functions must
be smooth in the complex variable { since rotation is a
smooth operation; this is codified by the fact that SO(3)
is a Lie group, which is by definition a smooth manifold.
Second, the functions must be invertible and preserve the
angles between any curves we draw on the sphere; this is
because rotations are invertible and “rigid”, as codifed by
the conditions that OOT = I and det O = 1. Such func-
tions are called Mobius Transformations, and they are the
second-simplest type of complex function after linear func-
tions. In this section, we will explore the basic properties
of Mdbius transformations to build intuition, before using
them to explain how SU(2) relates to rotations in the next
section.

Mobius transformation are always of the form

_a(+b
e +d

»(C) where a,b,c,d € C and ad — be # 0.

(15)
They form a group under function composition, denoted
M. While the condition ad — bc # 0 is very important, we
will explain it later.

Let

_aC+b

¢(¢) < d




be Mobius transformations. Then

(ap + br)¢ + (aq + bs)

(pov)(Q) = (cp + dr)¢ + (cq + ds)’

(17)

and we can show that
(ap+br)(ag+bs)—(cp+dr)(cqg+ds) = (ad—be)(ps—qr) # 0

since ad — be # 0 and ps — qr # 0 by definition of a
Mobius transformation. This confirms M is closed un-
der function composition, and we also know that function
composition is associative by general set theory, so to show
M is a group we need only confirm it contains the identity
Id(z) = z and general inverse element ¢ ~1(¢). Clearly,

o g _1¢+0
Id(C)—C—l—()CHeM, (18)
and we can check that
iy dC—D
0O = e (19)

which is clearly in M if ¢ is. Thus M is a group. It is not
abelian, as composition does not commute, as for example

(3)ec+n= g A2 = c+ne (7). (0

Mobius transformations have a special property called
“3-transitivity”. Given any three inputs oy, 81,7 € C
and any three outputs s, 32,72 € C, there exists a unique
Mobius function with

ay = o, B = B2, 71— e

Proving this is a little out of the scope of this article, but
the idea is to first show that a Mdobius function satisfying
the condition

(@, B,7) = (1,0,00)

is forced to have the unique form

10=2-(2=3). (21)

(-7 \a-p
except when v = oo, where it has the unique form
(-8
= . 22
1O == (22

Then if we want o — i, 81 — B2,71 — 72, we just take
the Mobius functions

f € M such that (a1, 1,7) —
g € M such that (as, B2,72) —

(1,0,00) (23)
(1,0,00) (24)

and leveraging Eq. (19), we get that
g lofeM (25)

gives the required mapping. Uniqueness follows from the
uniqueness of Egs. (21) and (22), the uniqueness of in-
verses in groups (which ensures g~! above is unique), and

the cancellation law for groups. In particular, if ¢, p € M
both satisfy oy — ag, 81 — B2,71 — Y2, then the unique-
ness of f implies

f=gov=godg, (26)
so that by the cancellation law we must have
g lof=1v=09, (27)

and hence ¢! o f is unique.

We now turn our attention to the condition ad— bc # 0.
It’s purpose isn’t immediately obvious, but in fact it en-
sures the numerator is not a multiple of the denominator
(in which case ¢ would be constant everywhere except at
¢ = —d/c, where it is 0o, and so would no longer be in-
vertible). This is easy to see by proving the contrapositive:
Suppose 3k € C such that k(a{ +b) = (¢ +d) V¢ € C.
Then rearranging, we have

(ka—c)(+(kb—d)=0 V(eC
= ka=ckb=d

— ad = (%) (kb)
= ad = bc

— ad —bc=0.

Thus ad — bc # 0 implies there is no such k € C, proving
the result. But the astute reader will notice a resemblance
to the condition required for a 2 x 2 matrix to be invertible.
This is not a coincidence, as it turns out that the map

aC+b [a b]
cl+d cd

M — PGL(2,C), (28)

is a group isomorphism from the Mobius transformations
under composition to the Projective General Linear group
of degree 2 under matrix multiplication. It’s easy to see

this is an isomorphism since the map is clearly bijective
and taking the product of the matrix representations of

», 1 in Eq. (16)

gives
ap + br aq+ bs
{cp +dr cq+ ds} (30)

which is just the representation of (pot))(¢) (c.f. Eq. (17)).
These matrices are of the right dimensionality to operate
on spinors, and as we’ll see, this isomorphism leads to
the identification of SU(2) as the natural matrix group for
transforming spinors.

For those unfamiliar, the General Linear group GL(2, C)
is the set of invertible 2 x 2 matrices with complex entries,
while the projective version PGL(2,C) is just this group
modulo scalar multiplication of matrices. In other words,
for all invertible matrices we let

{Z Z]~A{‘c‘ 2} VA EC,A#£0 (31)



and then PGL(2, C) is just the group of equivalence classes
of these. In fact, if A € GL(2, C) has determinant m, then
by standard properties of the determinant

det(m™24) =1, (32)

so we can always choose a representative from the Special
Linear Group SL(2,C) (i.e. invertible matrices with de-
terminant 1), meaning that PGL(2, C) is the same group
as the projective version of SL(2,C), called PSL(2,C).
This is important because we want to show that Riemann
sphere rotations are linked to SU(2), which is a subset of
SL(2,C), and so at the very least we need to know that
Mobius transformations can generally be linked to deter-
minant 1 matrices.

More generally, we shouldn’t be too surprised that pro-
jective groups are appearing here: the elements of linear
groups act on vector spaces like C2, but elements of projec-
tive linear groups act on elements of projective spaces like
CP!. So the existence of this isomorphism is a reflection of
the fact that the Riemann sphere and CP! (and the Bloch
sphere) are the same space expressed in different ways,
with corresponding ways of expressing transformations of
the space.

IV. SPINNING SPINORS (HALFWAY) AROUND

Now, we’re not actually interested in all of M, only
those Mo6bius functions that can be identified with rota-
tions of S? (since these correspond to rotating our state
space), and as SO(3) is a group, we expect these to form
a subgroup of M. Finding this subgroup algebraically is
tricky, but amounts to using 3-transitivity and the fact
that when we rotate the Riemann sphere, the two points
sitting at the poles of the rotation axis and the dual great
circle (i.e. the equator relative to the axis of rotation)
remain unchanged. If we label the rotation poles N and
S and a point on the dual great circle E, 3-transitivity
says the unique Mobius transformation representing rota-
tion by angle 6 about the axis through N and S is the
one that sends N — N,S — S, and E —...well, this is
where things get hard. Parameterising the dual great cir-
cle in terms of # and then tracking where E is mapped to
is hard to do in general, but can be done for the special
cases of rotation about the x, y, and z axes. Fortunately,
every rotation can be generated by composing rotations
about these axes (i.e. they are generators for SO(3)), so
if we find these functions, we can extrapolate their matrix
forms and hence find the generators for the matrix group
representing rotations for spinors.

For rotation about the z-axis by angle 6, we need to fix
the poles (of the rotation, not the Riemann sphere) with
1+ 1and —1 — —1, and then the North Pole (E =
0, which lies on the equator of this rotation) should be
mapped to a point with spherical coordinates (7/2,6). So
by Eq. (3) we have

0 — tan(6/2)e'™? = itan(6/2). (33)

This is the origin of the /2 dependency of spinor rota-
tions. As per the process in Egs. (21) to (25), we choose

the unique
f € M such that (1,0,—1) — (1,0, 00) (34)
g € M such that (1,itan(6/2), —1) — (1,0,00), (35)

which are given by

0 = 2

T (1
(©) = 2¢ — 2itan(6/2)

IS = T = itan(0/2)C + (1 — itan(0/2)))
and then conclude that the Mobius transformation we
want is

(36)

(37)

Ro(G:0) =g " o f (38)
_2¢ + 2itan(6/2)
"~ (2itan(6/2))¢ + 2 (39)
~ cos(0/2)¢ +isin(0/2)
 isin(0/2)¢ + cos(0/2) (40)

(See Fig. 2 for a visualisation of this function.)
By an analogous argument for the y-axis, we have

v cos(0/2)¢ +sin(0/2)
R(60) = Zq{672)C + cos(6/2)

and while we could do the same for rotation about the z-
axis, there is a simpler way. Notice from Eq. (3) that the
stereographic projection has rotational symmetry about
the z-axis, meaning that the circle with constant polar
angle § = ¢ on the sphere is mapped to the circle with
radius tan(¢/2) in C. Thus rotation about the z-axis by
an angle 6 (pardon the overload of notation) is equivalent
to multiplication by e®:

ei0/2<~ ei9/2C+0

(41)

COY 0
Rz(<79)7e <* e_,L'g/Q - O<+€_i9/2 EM (42)
Technically, we could have split e’ into any ee(fj " but

we chose v = 0/2 so that the coefficients also depend on
the half angle 6/2, keeping consistency with R, and R,,.
Now, the matrix equivalents of these transformations are
just

[ cos(0/2) isin(f/2
RA®=ﬁ3&4%<m&éﬂ’ )
[ cos(0/2) sin(6/2
Ry,(0) = _Si(l(g/%) cos((f)é?ﬂ’ (44)
) 02 g
0=, eio/z} ’ "

and those of you who have taken QFT are probably very
excited right now, as these are the matrices that we usu-
ally use to rotate spinors, and in particular taking their
derivatives at # = 0 yields the usual generators of SU(2)
(i.e. /2 times the Pauli matrices):

mo =37 o (46)
mo-3 5] (@
ro-3 ° (48)



FIG. 2: Visualisations of R,({;0) over the course of a half rotation of the Riemann sphere about the z-axis.
Initially the eye is at the South Pole looking up, so the North Pole (¢ = 0, white/black circle) is directly overhead.
After rotating by 6 = /2, the point ¢ =i on the equator (green circle and grey unit disc respectively) is overhead.

After rotating to 6 = 7, the South Pole (¢ = oo, black ring with multicoloured interior) is overhead.
See https://github.com/RCPN/Spinors for interactive versions that you can play with at home.
(Plots made using David Bau’s Conformal Map Viewer http://davidbau. com/conformal/#z.)

So we’ve finally figured out why spinors have the strange
tendency to rotate with half the angle that we rotate the
state space by. Since converting from states to spinors re-
quires going through the stereographic projection, spinors
only see the half-angle measured from the South Pole in-
stead of the full angle measured from the centre of the
Bloch sphere when rotating about the x and y axes. Ro-
tation around the z-axis doesn’t suffer from this problem,
but it is natural to choose a representation of it that trans-
forms consistently with the other two, which is why the
half-angle appears there. Then since any rotation can be
constructed from these three, we get that general rotations
depend on the half angle as well.

As a cherry on top, we can also see the famous result
that SU(2) is a double cover of SO(3) (in that it has two
matrices that correspond to each rotation). If we multiply
every coefficient in a Mobius transformation by —1, then
by fraction cancellation this multiple disappears. This
means that while the SO(3) rotations are one-to-one with
the rotational subgroup of Mobius transformations, that

subgroup has two SU(2) matrix representatives per ele-
ment (differing only by a scalar multiplication of —1), and
hence each SO(3) rotation must have exactly two corre-
sponding SU(2) representations.

Thus we see that spinors, SU(2) matrices, and all their
seemingly unintuitive properties do arise naturally if we
think about rotations of the sphere as being equivalent to
rotations of the Riemann sphere — and we didn’t need
to touch Quaternions, Lie Theory, or Clifford Algebras to
do it! A little geometric intuition can go a long way in
mathematics, and you can often find new ways of look-
ing at things if you approach them from the perspective
of a different field. Regardless of your level of physics
or mathematics, we hope these articles have given you a
new way of seeing rotations, and an appreciation for why
spinors should appear if we try to represent them using
a two-dimensional vector space. (Though if you do ever
find yourself trying to handle rotations in anything higher
than three dimensions, do yourself a favour and do it from
the perspective of Clifford Algebra. It’s definitely the way
to go!)
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